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Abstract
We investigate two dimensional supergravity theories, which can be built from a
topological and gauge invariant action defined on an ordinary surface. We concentrate on
four models. The first model is the N = 1 supersymmetric extension of Jackiw-Teiltelboim
model presented by Chamseddine in a superspace formalism. We complement the proof of
Montano, Aoaki, and Sonnenschein that this extension is topological and gauge invariant,
based on the graded de Sitter algebra. Not only do the equation of motions correspond to
the supergravity ones and gauge transformations encompass local supersymmetries, but also
we identify the
∫ 〈η, F 〉-theory with the superfield formalism action written by Chamseddine.
Next, we show that the N = 1 supersymmetric extension of string inspired two dimensional
dilaton gravity put forward by Park and Strominger is a theory that satisfies a non-vanishing
curvature condition and cannot be written as a
∫ 〈η, F 〉-theory. As an alternative, we propose
two examples of topological and gauge invariant theories that are based on graded extension
of the extended Poincare´ algebra and satisfy a vanishing curvature condition. Both models
are interpreted as supersymmetric extensions of the string inspired dilaton gravity.
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Re´sume´
Nous e´tudions dans cet article les the´ories de la supergravite´ a` (1+1)-dimensions qui
s’e´crivent comme une the´orie topologique et invariante de jauge. Nous nous concentrons
sur quatre mode`les. Le premier mode`le est l’extension supersyme´trique N = 1 du mode`le
de Jackiw-Teitelboim de´veloppe´e par Chamseddine dans un formalisme de super-espace.
Nous comple`tons la preuve de Montano, Aoaki, et Sonnenschein qui en montre le caracte`re
topologique et invariant de jauge, base´ sur l’alge`bre de de Sitter : Non seulement les e´quations
du mouvements correspondent a` celles de la supergravite´ usuelle et les transformations de
jauges sont celles de la supersyme´trie locale, mais en plus l’action de Chamseddine est
identifie´e a` une action
∫ 〈η, F 〉. Nous prouvons e´galement que l’extension supersyme´trique
N = 1 du mode`le de gravite´ dilatonique, inspire´ par la the´orie des cordes, propose´e par
Park et Strominger est une the´orie qui satisfait une condition de courbure non nulle et ne
peut pas s’e´crire comme une the´orie
∫ 〈η, F 〉. On propose ensuite deux exemples de the´ories
topologiques et invariantes de jauge base´es sur des ge´ne´ralisations de l’alge`bre de Poincare´
e´tendue et qui satisfont une condition de courbure nulle. Les deux mode`les sont interpre´te´s
comme des extensions supersyme´triques de the´ories de gravite´ dilatonique inspire´e par les
the´ories bidimensionelles de corde.
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Introduction
Recently, there has been much interest for two dimensional gravity theories,1,2,3 such as
the Jackiw-Teitelboim (JT) model1 and the string inspired dilaton gravity (SI) model.4 The
reasons are numerous and among them, it is the presence of black holes that is attractive.4,5
Their resemblance to Einstein gravity theory does not end with the presence of black holes.
Gravitational collapse, propagation of gravitational waves and Newtonian expansion are also
present.6 Two dimensional gravity theories are therefore an interesting arena to explore
features of gravity without the difficulties encountered in the four dimensional world.
Both of the above theories (JT/SI) share an interesting property. They both can
be written as topological gauge field theories.7,8,9 It is interesting because gravity in four
dimensions has not been successfully written as a gauge theory. In two dimensions, it provides
another way to analyse gravity theories. This was fruitful for the three dimensional case:
general relativity theory in (2+1) dimensions was shown to be equivalent to a Chern-Simons
gauge theory based on the Poincare´ algebra10 and the Ban˜ados, Teitelboim, and Zanelli black
hole solution in (2+1) dimensional anti-de Sitter spacetime11 fits in a gauge formulation.12 A
similar study of Chern-Simons supergravity as a supersymmetric gauge theory is presented
in Ref. 13.
The first model of 2d-gravity was proposed some time ago by Jackiw and Teitelboim.1 It
is obtained by dimensionally reducing the usual Einstein-Hilbert action in (2+1) dimensions,
SJT =
1
4π
∫
d2x
√−g η
(
R − λ
)
(1.1)
the scalar curvature R is equated to a cosmological constant λ through a Lagrange multiplier
η.
The second model appeared recently and is inspired by string theory (SI) when restricted
to a (1+1) dimensional target space4
SSI =
1
4π
∫
d2x
√
−g e−2φ[ R+ 4(∇φ)2 − λ] (1.2)
where the overbars are there to stress the presence of a differently scaled metric. We can
remove the kinetic term for the dilaton field φ using the field redefinition gµν = e
2φgµν ,
η = e−2φ, and Eq. (1.2) can be recast in the more appropriate form for the gauge formulation
SSI =
1
4π
∫
d2x
√−g
(
ηR − λ
)
. (1.3)
The Lagrange multiplier enforces now the scalar curvature to vanish and the cosmological
constant λ only appears in the equations of motion for η. Both models (1.1) and (1.3) are
known to be topological and gauge models based on two-dimensional de Sitter7 and extended
Poincare´ groups respectively.9
In this paper, we investigate N = 1 supersymmetric extensions of the Jackiw-Teitelboim
model and the string inspired dilaton gravity model. Two approaches are possible. The
3
first one uses a superfield formalism developed by Howe14 for two dimensional superspaces
and was carried over by Chamseddine15 in the JT model and by Park and Strominger16
in the SI model. The second approach focuses on topological theories in conventional two-
dimensional spacetime, where a vanishing field strength reproduces the standard torsion
and supercurvature of supergravity. In this approach, gauge transformations replace
diffeomorphisms, Lorentz transformations and supersymmetries. If the topological nature of
the supersymmetric extension of the JT model is known,17 only recently Rivelles has worked
out a topological theory leading to a supersymmetric extension of the second model.18
The structure of the paper goes as follows: In section II, we review the work of
Chamseddine, Park and Strominger. We write their N = 1 supersymmetric extension in
component fields. In section III, we show how the Chamseddine action is also a topological
and gauge invariant model based on the graded de Sitter algebra OSP(1,1|1). Actually, it is
not possible to write the Park and Strominger action as a topological theory of the
∫ 〈η, F 〉-
type (without fields redefinitions). Park and Strominger’s model leads to a non-vanishing
curvature and represents a challenge to be written as a topological and gauge invariant
model of an other type. Nevertheless, in section IV, we are able to construct other N = 1
supersymmetric extensions described by topological and gauge invariant models using two
examples of graded extensions of the extended Poincare´ algebra. Rivelles’s proposal is one of
them.
II. Supersymmetric Extension of the Jackiw-Teitelboim and String Inspired
Models.
Chamseddine proposed a N = 1 supersymmetric extension of the Jackiw-Teitelboim
model in a superfield formalism
SSJT = − i
8π
∫
d2x d2θEΦ
(
S − λ′
)
. (2.1)
Our conventions are in the appendix. If we integrate out the θ variable and eliminate the
auxiliary fields by their classical equations of motion
A = λ′ F =
1
2
λ′φ (2.2)
we recast the action in component fields
S′SJT =
1
4π
∫
d2x
√−g
{
φ
(
R +
1
2
λ′
2 − i
4
λ′ǫ˜µνχµ
α
(
γ5
)
α
βχν,β
)
−2iΛα
(
ǫ˜µν
(
γ5
)
α
βDµχν,β +
1
4
λ′
(
γµ
)
α
βχµ,β
)}
(2.3)
where the prime on SSJT means that we have suppressed the auxiliary fields. Setting the
fermion fields to zero reproduces SJT with a negative cosmological constant λ = −(λ′)2/2.
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The supersymmetric extension of the Jackiw-Teitelboim model is rather trivial to obtain
since one substitutes for the fields the corresponding superfields. However, this is not the
case for the string inspired dilaton gravity model. The same strategy would lead one to move
the parenthesis to the left of Φ to construct a N = 1 supersymmetric extension of the model
(1.3), that is,
S = − i
8π
∫
d2x d2θ E
(
ΦS − λ′
)
(2.4)
Integrating out the θ-variable and eliminating the auxiliary fields gives the action
S′ =
1
4π
∫
d2x
√−g
{
φR − iλ
′
4
ǫ˜µνχ αµ
(
γ5
) β
α
χν,β − 2iΛαǫ˜µν
(
γ5
) β
α
Dµχν,β
}
(2.5)
But, setting the fermion field to zero does not reproduce the model (1.3) since there is no
cosmological constant present.
Turning back to the original form (1.2) of the string inspired model and replacing the
fields by superfields leads indeed to a suitable N = 1 supersymmetric extension. This was
carried over by Park and Strominger whose goal was to provide a positive energy theorem.
Their actions in superspace and in components are
SSSI = − i
8π
∫
d2x d2θ E e−2Φ
[
S + 2iDαΦD
αΦ− λ′
]
S
′
SSI =
1
4π
∫
d2x
√−g e−2φ
{
R+ 4gµν∂µφ∂νφ+
1
4
(λ′)2
+ 4iǫ˜µνΛα
(
γ5
) β
α
Dµχν,β − 4iΛα
(
γµ
) β
α
∂µΛβ − iλ′ΛαΛα + i
2
λ′Λα
(
γµ
)
α
βχµ,β
− 2iΛα(γν) β
α
(
γµ
) γ
β
χµ,γ∂νφ− i
4
ǫ˜µν(λ′ − 2iΛγΛγ)χµα
(
γ5
)
α
βχν,β
}
(2.6)
where the fields should be read with overbars as in Eq. (1.2). Setting the fermion fields to
zero reproduces SSI of Eq. (1.2) with negative cosmological constant λ = −(λ′)2/4.
Going from SSI in Eq. (1.2) to SSI in Eq. (1.3) was achieved by a Weyl transformation
gµν = e
2φgµν . A supersymmetric extension of SSI can therefore be obtained by performing
a super-Weyl transformation on the supersymmetric extension of SSI. These super-
transformations are discussed by Howe and they act on the super-Zweibein by
eaµ = e
φeaµ χµ
α = e
1
2
φ
[
χµ
α +
(
γµ
)αβ
Λβ
]
(2.7)
and on the scalar field Φ, they do not affect φ but its superpartner Λα
Λα = e
−
1
2
φΛα (2.8)
[Note that the auxiliary fields get also transformed: A = e−φ(A+ 2F ) and F = e−φF .] The
action (2.6) then becomes
S′SSI =
1
4π
∫
d2x
√−g
{
e−2φR+
1
4
(λ′)2 + 6ie−2φǫ˜µνΛα
(
γ5
)
α
βDµχν,β
− 8ie−2φΛα(γµ)
α
βDµΛβ − iΛα
(
γµγν
)
α
βχµ,β∂νe
−2φ − 1
2
e−2φΛαΛαg
µνχµ
βχν,β
+ 2ie−2φ ǫ˜µνDµΛ
α
(
γ5
)
α
βχν,β − i
4
e−2φǫ˜µν(λ′eφ − 4iΛγΛγ)χµα
(
γ5
)
α
βχν,β
}
(2.9)
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This action now obviously reduces to Eq. (1.3) if the fermions fields are set to zero.
III. Gauge Theoretic Formulation of Supergravity Theories.
The lineal gravities (1.1) and (1.3) share the remarkable property to possess a topological
and gauge invariant formulation.9 The main concern of this paper is to see whether
this remains true for supersymmetric extensions. For the Jackiw-Teitelboim model, this
formulation is based on the two-dimensional de Sitter group. It turns out that the same
is true for the Chamseddine extension (2.1) provided one works with the graded de Sitter
algebra OSP(1,1|1)
[Pa, Pb] = −1
4
(λ′)2ǫabJ [Pa, J ] = ǫa
bPb [Qα, J ] =
1
2
(
γ5
)
α
βQβ
[Pa, Qα] =
1
4
λ′
(
γa
)
α
βQβ {Qα, Qβ} = −2i
(
γa
)
αβ
Pa + iλ
′
(
γ5
)
αβ
J (3.1)
In that case, the (graded, see appendix) invariant non-degenerate inner product
〈Pa, Pb〉 ≡ hab 〈J, J〉 ≡ 4/(λ′)2 〈Qα, Qβ〉 ≡ −(8i/λ′)ǫαβ (3.2)
is used to write the action
SGJT =
1
4π
∫
d2x ǫµν〈η, Fµν〉 (3.3)
where F = dA+A2 is the strength field associated with the gauge field
Aµ = e
a
µPa − ωµJ +
1
2
χµ
α
(
γ5
)
α
βQβ (3.4)
and η = ηaPa + η
JJ + ηαQα is a world scalar with value in the graded algebra (3.1). This
action is explicitly topological and gauge invariant. Remark that it is defined on an ordinary
two-dimensional surface. In components, it writes
SGJT =
1
4π
∫
d2x
{
ηaǫ
µν
(
∂µe
a
ν − ǫabωµebν −
i
4
χµ
α
(
γa
)
α
βχν,β
)
− 4
(λ′)2
ηJǫµν
(
∂µων +
1
8
(λ′)2ǫabe
a
µe
b
ν +
i
8
λ′χµ
α
(
γ5
)
α
βχν,β
)
+
4i
λ′
ηα
(
ǫµνDµχν
β
(
γ5
)
β
α +
1
4
e λ′χµ
β
(
γµ
)
β
α
)}
. (3.5)
If we solve the constraint enforced by ηa, we get a relation between ωµ and e
a
µ, χµ
α
ωµ = −eµ,a ǫ˜ρσ∂ρeaσ +
i
2
χ αµ
(
γ5γν
)
α
βχν,β (3.6)
identical to the one between the spin-connection, the Zweibein and the gravitino [see
Eq. (A.13)] obtained from the standard kinematic constraints on the supertorsion.
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If we use the relation (3.6) and we set ηJ = (λ′)2φ/2 and ηα = −λ′Λα/2 in the
action (3.5), it reduces to the action of Chamseddine (2.3). In this gauge formulation the
supergravity transformations on the fields are replaced by some gauge transformations of the
gauge fields. Indeed, following Howe, but replacing the auxiliary fields as in Eq. (2.2), the
supergravity transformations [see Eqs (A.14)] are
δe aµ = iτ
α
(
γa
) β
α
χµ,β δωµ = − i
2
λ′τα
(
γ5
)
α
βχµ,β δχ
α
µ = 2Dµτ
α +
λ′
2
(
γµ
)αβ
τβ
(3.7)
for the Zweibein, the spin-connection and the gravitino fields respectively. In the gauge
theory, the transformations on the gauge fields are obtained with
A′ = U−1AU + U−1dU (3.8)
and the infinitesimal transformation U = 1+ τα
(
γ5
) β
α
Qβ reproduces local supersymmetries
of Eq. (3.7).
In the SI case, the supersymmetric extension proposed by Park and Strominger – after
the super-Weyl transformation (2.7) – possesses quartic interaction terms and thus does not
fit with the form (3.3). Moreover, variation of the action S′SSI of Eq. (2.9) with respect to
e−2φ and Λα gives two equations: One containing both the curvature R and the gravitino
kinetic term Dµχν and another one that gives an expression for Dµχν . Substituting the
equation for Dµχν into the first produces
R = − 16iΛα(γµ)
α
βDµΛβ − 1
2
ΛαΛα
[
χµ
βgµνχν,β + 2ǫ˜
µνχµ
β
(
γ5
)
β
γχν,γ
]
+ 2iΛα
(
γµγν
)
α
βχµ,β∂νφ− i∂ν
[
Λα
(
γµγν
)
α
βχµ,β
]
− 2i e
2φ
√−gDµ
[
Λα
√−gǫ˜µνe−2φ(γ5)
α
βχν,β
]
− i
8
λ′eφǫ˜µνχ αµ
(
γ5
) β
α
χν,β (3.9)
Setting the fermion fields to zero gives R = 0, which was needed to construct a topological
and gauge invariant model. However, if the fermions are present, there is no way (without
introducing new fields) to absorb the RHS of Eq. (3.9) in a redefinition of the spin-connection
in order to get a vanishing curvature condition.
We then turn to the strategy of building supersymmetric extensions by considering
topological theories of the
∫ 〈η, F 〉-type. We will present in the next section examples of
topological and gauge invariant models that are based on the simplest graded extension of
the extended Poincare´ algebra and we will see that they actually differ from the action (2.9).
IV.A Graded extension of the extended Poincare´ algebra
Motivated by the contraction of the graded de Sitter algebra (3.1), Rivelles obtained a
graded extension of the extended Poincare´ algebra. However, the algebra he presents is not
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the result of the contraction, but rather, a modification of it that satisfies the Jacobi identity
[Pa, Pb] = ǫabI [Pa, J ] = ǫ
b
a Pb [Pa, Qα] =
1
2
(
γa
)
α
βUβ
[Qα, J ] =
1
2
(
γ5
) β
α
Qβ [Uα, J ] =
1
2
(
γ5
) β
α
Uβ [Qα, K] =
1
2
(
γ5
) β
α
Uβ (4.A1)
{Qα, Qβ} = −2i
(
γa
)
αβ
Pa + 2i
(
γ5
)
αβ
K {Uα, Qβ} = −2i
(
γ5
)
αβ
I
It possesses the (graded) invariant and non-degenerate inner product
〈Pa, Pb〉 = hab 〈J, I〉 = −1 〈K,K〉 = 1 〈Qα, Uβ〉 = −4iǫαβ (4.A2)
[see conventions in Eq. (A.1)].
A gauge theory based on the algebra (4.A1) is built from the strength field F = dA+A2
associated to the gauge field
Aµ = e
a
µPa − ωµJ + aµI + bµK +
1
2
χµ
α
(
γ5
)
α
βQβ + ξµ
αUα (4.A3)
and a Lagrange multiplier η = ηaPa+ η(J)J + η(I)I + η(K)K + η
α(Q)Qα+ η
α(U)Uα, which
transforms (like F = dA+A2) under the adjoint representation. The action
SGEP =
1
4π
∫
d2x ǫµν〈η, Fµν〉 (4.A4)
is obviously topological and invariant under gauge transformations generated by the algebra
(4.A1). Local supersymmetries are obtained by gauge transformations in the additional
directionsK, Qα and Uα. The infinitesimal transformation U = 1+ζK+τ
α
(
γ5
)
α
βQβ+σ
αUα
generates on Aµ the transformations
δeaµ = iτ
α
(
γa
)
α
βχµ,β δωµ = 0 δχµ
α = 2Dµτ
α
δaµ = 2iτ
αξµ,α − iσαχα δbµ = ∂µζ + iτα
(
γ5
)
α
βχµ,β (4.A5)
δξµ
α = Dµσ
α +
1
2
τβ
(
γ5γµ
)
β
α − 1
2
ταbµ +
1
4
ζχµ
α
The first three are Howe’s supergravity transformations [see Eq. (A.14)] with the auxiliary
field A = 0 taking a different value than in Park and Strominger’s approach. The η-field also
transforms in the usual way, η′ = U−1ηU
δηa = 2iτα
(
γaγ5
)
α
βηβ(Q) δη(J) = 0 δη
α(Q) = −1
2
ταη(J)
δη(I) = 2iταηα(U) + 2iσ
α
(
γ5
)
α
βηβ(Q) δη(K) = −2iταηα(Q) (4.A6)
δηα(U) =
1
2
τβ
(
γ5γa
)
β
αηa − 1
2
ταη(K) +
1
2
ζηβ(Q)
(
γ5
)
β
α − 1
2
σβ
(
γ5
)
β
αη(J)
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The equations of motion are F = 0, or in components,
F a(P ) = dea − ǫabωeb − i
4
χα
(
γa
)
α
βχβ = 0
F (J) = −dω = 0
F (I) = da+
1
2
ǫabe
aeb − iχαξα = 0
F (K) = db− i
4
χα
(
γ5
)
α
βχβ = 0 (4.A7)
Fα(Q) =
(
dχβ − 1
2
ω
(
γ5
)βγ
χγ
)1
2
(
γ5
)
β
α = 0
Fα(U) = dξα − 1
2
ω
(
γ5
)αβ
ξβ +
1
4
eaǫab
(
γb
)αβ
χβ − 1
4
bχα = 0
and (Dη) ≡ dη + [A, η] = 0, or in components,
(Dη)a(P ) =dηa − ǫabωηb − ǫabebη(J) + iǫabχα
(
γb
)
α
βηβ(Q) = 0
(Dη)(J) =dη(J) = 0
(Dη)(I) =dη(I) + eaǫa
bηb − 2iξα
(
γ5
)
α
βηβ(Q)− iχαηα(U) = 0
(Dη)(K) =dη(K) + iχαηα(Q) = 0 (4.A8)
(Dη)α(Q) =dηα(Q)− 1
2
ω
(
γ5
)
α
βηβ(Q) +
1
4
χαη(J) = 0
(Dη)α(U) =dηα(U)− 1
2
ω
(
γ5
)
α
βηβ(U) +
1
2
(
b
(
γ5
)
α
β − ea(γa)αβ
)
ηβ(Q)
+
1
4
(
γa
)
α
βχβǫabη
b +
1
4
χαη(K)− 1
2
(
γ5
)
α
βξβ η(J) = 0
Quite remarkably, it is possible to eliminate some of the fields by finding relations between
them, which solve part of the differential equations. We get in the Lagrange multiplier
ηa =ǫ˜µν∂µη(I)e
a
ν + iǫ˜
µνeaµχν
αηα(U)
η(J) =− λ (4.A9)
η(K) =− 2i
λ
ηα(Q)ηα(Q)− 4λ′
and in the gauge field
ωµ =− eµ,aǫ˜ρσ∂ρeaσ +
i
2
χµ
α
(
γ5γν
)
α
βχν,β
bµ =− i
λ
χµ
α
(
γ5
)
α
βηβ(Q)
χµ
α =
4
λ
Dµη
α(Q) (4.A10)
ξµ
α =− i
2λ2
ηγ(Q)ηγ(Q)
(
γ5
)αβ
χµ,β +
1
λ
(
γµγ
5
)αβ
ηβ(Q)
9
where λ and λ′ are constants of integration. The fields bµ and ξµ
α are also determined
up to quantities, which can be gauged away by a transformation in the directions K and
Uα. As a consequence, the resulting transformations of the fields in (4.A9) and (4.A10) are
consistent with the ones given in (4.A5) and (4.A6) if we choose ζ = −(2i/λ)τα(γ5)
α
βηβ(Q)
and σα = (i/λ2)ηγ(Q)ηγ(Q)τ
β
(
γ5
)
β
α
δeaµ = iτ
α
(
γa
)
α
βχµ,β δη(I) = 2iτ
αηα(U) δη
α
(
Q
)
=
λ
2
τα (4.A11)
δηα(U) = −1
2
τβ
(
γµ
)
β
α
(
∂µη(I)− iχµβηβ(U)
)
+ 2λ′τα
(
1 +
i
λλ′
ηβ(Q)ηβ(Q)
)
Substitution of relations (4.A9) and (4.A10) in the equations of motion (4.A7) and (4.A8)
provides a new set of differential equations; they represent the dynamics of the gauge theory
(4.A4) where the remaining unconstrained fields of the theory are eaµ, η(I), η
α(Q), ηα(U)
R(eaµ, χν
α) = 0
(∇µ∂ν − gµν∇ρ∂ρ)η(I) + λgµν = i(δρµδσν + δσµδρν − 2gµνgρσ)χρα
(
γσ
)
α
βηβ(Q)
+ iχµ
αχν,α
(
λ′ +
i
λ
ηβ(Q)ηβ(Q)
)
− i
2
gµν
1√−gDρ(
√−ggρσχσ)αηα(U)
χµ
α =
4
λ
Dµη
α(Q) (4.A12)
Dµη
α(U)− χµα
(
λ′ +
i
λ
ηβ(Q)ηβ(Q)
)
− (γµ)αβηβ(Q) + 1
4
χµ
β
(
γν
)
β
α∂νη(I)
− i
4
χµ
β
(
γν
)
β
αχν
γηγ(U) = 0
[The covariant derivative ∇µ contains the non-symmetric Christoffel symbol defined by
eaρΓ
ρ
µν ≡ ∂µeaν − ǫabωµebν − (i/4)χµα
(
γa
)
α
βχν,β .] The gauge field aµ is not considered here.
Its equation of motion (4.A7) can always be locally integrated because da is equated to a
two-form, hence closed in two dimensions.
The corresponding bosonic SI theory possesses classical solutions parametrized by the
cosmological constant λ and a “mass”M .9 The local symmetries we have added will be useful
if they turn out to be symmetries of the above configurations. We have already broken the
ones associated withK and Uα in the reduction (4.A9), (4.A10). Let us consider the following
family of solutions
ηα
(
Q
)
= constant (χµ
α = 0)
∂µη
α
(
U
)
=
(
γµ
)αβ
ηβ
(
Q
)
= constant.
gµν = hµν (∂µ∂ν − hµν∂ρ∂ρ)η(I) + λhµν = 0 (4.A13)
which reproduces the usual bosonic configurations for gµν and η(I) described in Ref. 9,
and reduces the action (4.A4) to the form given in Eq. (1.3). It is invariant under
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the transformations (4.A11). This means that the solutions (4.A13) possess the Howe’s
supersymmetry (4.A11), which allows us to construct a conserved charge like in Park and
Strominger’s work.
IV.B Minimal Graded extension of the extended Poincare´ algebra
We now turn to another proposal for topological and supersymmetric extension of the
SI model, which looks simpler and also shows a set of bosonic solutions with a non trivial
symmetry. There is a minimal graded algebra consistent with the Jacobi identities and
containing the bosonic generators of the extended Poincare´ algebra (3.1). Introducing the
fermionic generator Qα as the only newly added charge, we define the following algebra
[Pa, Pb] = ǫab I [Pa, J ] = ǫ
b
a Pb
{Qα, Qβ} = −2i[(1− γ5)γa]αβPa + i
(
γ5
)
αβ
I (4.B1)
[Qα, J ] =
1
2
(
γ5
) β
α
Qβ [Qα, Pa] = [(1− γ5)γa]αβQβ
with inner product given by
〈Pa, Pb〉 = hab 〈J, I〉 = −1 〈Qα, Qβ〉 = 2iǫαβ (4.B2)
A gauge theory based on the algebra (4.B1) will be simpler then the theory based on the
previous algebra (4.A1) because there are less fields needed to write a topological and gauge
invariant action. The gauge field is
Aµ = e
a
µPa − ωµJ + aµI +
1
2
χµ
α
(
γ5
)
α
βQβ (4.B3)
and the Lagrange multiplier η = ηaPa + η(J)J + η(I)I + η
αQα. The action is again
SMGEP =
1
4π
∫
d2xǫµν〈η, Fµν〉 (4.B4)
where F = dA + A2, and it is topological and invariant under gauge transformations. In
particular, in the Q-direction with U = 1 + τα
(
γ5
)
α
βQβ
δeaµ = iτ
α[(1− γ5)γa]αβχµ,β δωµ = 0 δaµ = i
2
τα
(
γ5
)
α
βχµ,β
δχµ
α = 2Dµτ
α + 2τβ[(1− γ5)γµ]βα (4.B5)
and for the η-fields
δηa = −2iτα[(1− γ5)γa]αβηβ δη(J) = 0 δη(I) = −iταηα
δηα = −1
2
ταη(J) + τβ[(1− γ5)γa]βαηa (4.B6)
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The equations of motion of the model (4.B4) are F = 0, or in components,
F a(P ) = dea − ǫabωeb − i
4
χα[(1− γ5)γa]αβχβ = 0
F (J) = −dω = 0
F (I) = da+
1
2
ǫabe
aeb − i
8
χα
(
γ5
)
α
βχβ = 0 (4.B7)
Fα(Q) =
1
2
(
Dχβ − ea[(1− γ5)γa]βγχγ
) (
γ5
)
β
α = 0
and (Dη) ≡ dη + [A, η] = 0, or in components,
(Dη)a(P ) = dηa − ǫabωηb − ǫabebη(J) + iχα[(1− γ5)γa]αβηβ = 0
(Dη)(J) = dη(J) = 0
(Dη)(I) = dη(I) + eaǫa
bηb +
i
2
χαηα = 0 (4.B8)
(Dη)α(Q) = Dηα +
1
4
χαη(J) + e
a[(1− γ5)γa]αβηβ + 1
2
ηa[(1− γ5)γa]αβχβ = 0
We remark the systematic appearance of combinations we will denote ψR,Lα =
1
2(1±γ5)αβψβ .
As in the previous example, it is possible to eliminate some of the fields by replacing part of
these differential equations by relations between the fields. In the gauge fields, we can impose
ωµ = −eµ,a ǫ˜ρσ∂ρeaσ +
i
2
χR,αµ
(
γ5γν
)
α
βχRν,β (4.B9)
and in the Lagrange multiplier
ηa = ǫ˜µνeaν
(
∂µη(I) +
i
2
χµ
αηα
)
η(J) = −λ = constant (4.B10)
The equations of motion provide the dynamics for the remaining unconstrained fields
eaµ, χµ
α, η(I), ηα of the gauge theory (4.B4) upon substituting the relations (4.B9),(4.B10)
R
(
eaµ, χµ
R,α
(
γν
)
α
βχRν,β
)
= 0
DχL,α − 2ea(γa)αβχRβ = 0
DχR,α = 0
(∇µ∂ν − gµν∇ρ∂ρ)η(I) + λgµν = 3i
2
(δρµδ
σ
ν + δ
σ
µδ
ρ
ν − 2gµνgρσ)χR,αρ
(
γσ
)
α
βηRβ (4.B11)
+
i
4
gµν
1√−gDρ(
√−ggρσχRσ )αηLα +
i
4
gµν
1√−gDρ(
√−ggρσχLσ)αηRα
+
i
4
χR,αµ χ
L
ν,α +
i
4
χL,αµ χ
R
ν,α
DηLα −
λ
4
χLα + 2e
a
(
γa
)
α
βηRβ − χR,β
(
γν
)
βα
[
∂νη(I) +
i
2
χν
R,γηLγ +
i
2
χν
L,γηRγ
]
= 0
DηRα −
λ
4
χRα = 0
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We do not consider the aµ field for the same reason as in the previous model. These equations
are symmetric under
δeaµ = 2iτ
R,α
(
γa
)
α
βχRµ,β
δχR,αµ = 2Dµτ
R,α δχL,αµ = 2Dµτ
L,α + 4τR,β
(
γµ
)
β
α
δη(I) = −iτR,αηLα − iτL,αηRα (4.B12)
δηR,α =
λ
2
τR,α δηL,α =
λ
2
τL,α + 2τR,β
(
γa
)
β
αηa
ηa being given in Eq. (4.B10). We recover Howe’s supergravity transformations for the right
chirality sector [see Eq. (A.14) with A = 0], but the left chirality sector follows another type
of transformations.
The bosonic solutions described in Ref. 9 are still among the solutions
χR,α = 0 ηLα = constant χ
L,α
µ =
8
λ
(
γµ
)
α
βηRβ = constant
gµν = hµν (∂µ∂ν − hµν∂ρ∂ρ)η(I) + λhµν = 0 (4.B13)
and one can verify that the action (4.B4) reduces to the one discussed in Ref. 9 when the
gravitino field χµ
α is evaluated as above. This subset of solutions is invariant under (4.B12)
with τRα = 0 and τ
L
α = constant. The condition τ
R
α = 0 is necessary to insure consistency of
the third equation in (4.B13). This means that the right chirality transformations identified
as Howe supergravity transformations are broken by the solutions (4.B13). Nevertheless, the
remaining symmetries is still one of (4.B13) and allows us to construct the corresponding
conserved charge.
Conclusions.
Four models for two dimensional supergravity theories have been discussed here. The
N = 1 supersymmetric extension of JT-model given by Chamseddine, and three models
that are N = 1 supersymmetric extension of the string inspired dilaton gravity model. We
emphasized that the first model is topological and a gauge invariant
∫ 〈η, F 〉-theory based
on the graded de Sitter algebra OSP(1,1|1), the local supersymmetries being reproduced by
some gauge transformations. We showed that the
∫ 〈η, F 〉 action is indeed the superfield
action written by Chamseddine in Howe’s superfield formalism for supergravity theories.
The second model we analyzed is the Park and Strominger’s proposal. They write a N = 1
supersymmetric extension following the lines of Howe. We arrived at the conclusion that it
is not a
∫ 〈η, F 〉-theory and has non-vanishing curvature. Although, it does not mean that
it is not an other type of topological theory, we believe that it represents a challenge to
write it as such. Then, we turn to the strategy of building two supersymmetric extensions of
string inspired dilaton gravity models from topological and gauge invariant
∫ 〈η, F 〉 actions
based on graded extension of the extended Poincare´ algebras. The first of the two topological
models was presented first by Rivelles. The algebra he uses to define the GEP-model was
inspired by a contraction of the graded de Sitter algebra. However, it is not a contraction
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but rather an algebra that looks like it and closes under the Jacobi identity. The second
model is the minimal graded extended Poincare´ model. There, only one charge Q is added.
The connection to supergravity theories is made by comparing local supersymmetries given by
Howe’s formalism for two-dimensional supergravity theories with some gauge transformations
of the proposed topological models. Although, the first model present full supersymmetry,
the connection for the second model is made possible only for half the supersymmetry; we
have a chiral supersymmetry. We conclude that they are then supergravity theories that
extend the string inspired dilaton gravity because upon setting the gravitino field to zero,
we recover the bosonic model. In the first model, we find field configurations with vanishing
gravitino that remain supersymmetric. The second model offers a similar result, however, in
this case, the configurations with vanishing right gravitino break half the gauge symmetry.
In both models, a conserved charge can be constructed for the bosonic solutions of Ref. 9.
Its consequence in the physics of the system deserve another study.
Appendix
We use the following convention for the inner product presented in section III and IV
〈ξAQA, ηBQB〉 = (−)deg(QA) deg(QB)ξAηB〈QA, QB〉 (A.1)
[QA indicates any generator of the algebra and deg(QA) = 0 if QA is an even generator and
deg(QA) = 1 if QA is an odd generator].
The rest of the appendix deals with various other conventions. The indices are denoted
in the paper like this: a, b are tangent space indices, µ, ν are spacetime indices and α, β are
spinor indices. The bosonic metric is
hab = diag(−1, 1) ǫab = −ǫba ǫ01 = 1 (A.2)
and the contraction of two anti-symmetric tensors is given by
ǫabǫ
bc = δ ca (A.3)
The fermionic metric is
ǫαβ = ǫ
αβ ǫ12 = 1 = −ǫ21 ǫ11 = ǫ22 = 0 (A.4)
and contractions are given by
ǫαβǫ
βγ = −δαγ ǫαβǫαβ = 2 (A.5)
The spin indices are raised and lowered by the fermionic metric
ψα = ǫαβψβ ψα = ψ
βǫβα (A.6)
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and the product of two Grassmann variables reduces to
θαθβ = −1
2
ǫαβθγθγ (A.7)
We choose our γ-matrices real and such that they satisfy(
γa
) β
α
(
γb
) γ
β
= ηabδ γα − ǫab
(
γ5
) γ
α
(A.8)
With γ5 = γ0γ1, we deduce the useful relations
[γa, γb] = −2ǫabγ5 [γa, γ5] = 2ǫabγb γaγ5 = ǫabγb (A.9)
An explicit representation is
(
γ0
)
α
β =
(
0 1
−1 0
) (
γ1
)
α
β =
(
0 1
1 0
) (
γ5
)
α
β =
(
1 0
0 −1
)
(A.10)
The superfield formalism is given in the work of Howe.14 Here are the needed formulae.
The scalar superfield is defined by
Φ = φ+ iθαΛα +
i
2
θαθαF (A.11)
where the φ-field is a scalar field, Λα the fermion field associated to the scalar field, and F
an auxiliary field to be determined by the model under investigation. The supersymmetric
covariant derivative, Dα = ∂α+ iθ
β
(
γa
)
βα
∂a, is used in Eq. (2.6). The superfields associated
to the graviton multiplet are the supervolume element E, and the supercurvature S given by
E = e
[
1 +
i
2
θα
(
γµ
) β
α
χµ,β + θ
αθα
( i
4
A+
1
8
ǫ˜µνχαµ
(
γ5
) β
α
χν,β
)]
S = A+ θαΨα +
i
2
θαθαC (A.12)
C = −R − 1
2
χ αµ
(
γµ
) β
α
Ψβ +
i
4
ǫ˜µνχ αµ
(
γ5
) β
α
χν,βA− 1
2
A2
Ψα = −2iǫ˜µν
(
γ5
) β
α
Dµχν,β − i
2
(
γµ
) β
α
χµ,βA
where the superfields E and S are expressed in terms of the Zweibein eaµ, the gravitino χµ
α
and an auxiliary field A. From these fields the spacetime covariant derivative, the spin-
connection and the curvature are constructed following Howe’s work. We list these relations
here
gµν = e
a
µe
b
νhab e = −
1
2
ǫµνeaµe
b
νǫab =
√−g
γµ = eµ
aγa γ
µ = Eµa γ
a = −1
e
ǫµνǫabe
b
νγ
a
ωµ = −eµ,aǫ˜νρ∂νeaρ +
i
2
χ αµ
(
γ5γν
)
α
βχν,β (A.13)
R = −21
e
ǫµν∂µων
Dµχν,α = ∂µχν,α − 1
2
ωµ
(
γ5
) β
α
χν,β
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Note the sign convention for the scalar curvature R. Howe deduces also the supergravity
transformations after having imposed some kinematics constraints on the supertorsion
δeµ
a = iτα
(
γa
)
α
βχµ,β δωµ = − i
2
Aτα
(
γ5
)
α
βχµ,β δχµ
α = 2Dµτ
α − 1
2
τβ
(
γµ
)
β
αA
δφ = 0 δΛα = τ
β
(
γµ
)
βα
(
∂µφ+
i
2
χµ
γΛγ
)
+ ταF (A.14)
Of some interest are also the antisymmetric tensors
ǫ˜µν =
1
e
ǫµν = ǫabEµaE
ν
b ǫ˜µν = eǫµν = ǫabe
a
µe
b
ν ǫ˜
µν ǫ˜νρ = δ
µ
ρ (A.15)
and the action of a Weyl transformation on the scalar curvature
gµν = e
2φg′µν −→
√−gR =
√
−g′R′ − 2∂µ
(√
−g′g′µν∂νφ
)
(A.16)
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